Magnetic intensification is proposed as a mechanism to explain the general features of the variable broad-band linear polarization emerging from rotating magnetic stars. This mechanism is studied in detail, and some efforts are made to investigate the wide variety of polarization diagrams that can result from it. Theoretical results are compared with direct observations of the variable magnetic star 53 Cam to determine its geometric and magnetic configuration. Subject headings: polarization -stars: magnetic -stars: rotation -Zeeman effect I. INTRODUCTION Variable magnetic Ap stars have been recently investigated by means of good quality polarimetric observations. Kemp and Wolstencroft (1974) report the observed linearly polarized radiation as a function of phase for the stars 53 Cam and a 2 CYn. The observations refer to a broad interval of the stars' spectra covering some hundreds of angstroms, where the fractional linear polarization is found to have a typical value of the order of 10 -4 . The known physical mechanisms, which are able to introduce a fractional linear polarization of this order of magnitude in the continuum spectrum of a star, require values of the magnetic field of the order of 10 7 -10 8 gauss (Lamb and Sutherland 1974; Landi DelgTnnocenti 1976). Magnetic fields of this size are now believed to exist on the surfaces of magnetic white dwarfs, while in the case of magnetic Ap stars the observed magnetic fields are of the order of 10 3 -10 4 gauss (Babcock 1958). The order of magnitude of the observed polarization and the characteristic features of its variation with phase can be explained as a cumulative effect of the several spectral lines present in the observed spectral interval. In the particular case of the star 53 Cam, Finn and Kemp (1974) consider a simplified model, where the observed linear polarization is supposed to be originated in atomic spectral lines as a result of a scattering process taking place in the outermost layers of the star. The atoms are schematized as classical electric dipoles embedded in the stellar magnetic field, and they are supposed to scatter the unpolarized continuum radiation emerging from the deeper layers of the stellar atmosphere. The authors are led to consider this typical NLTE approach, to the line formation problem in 53 Cam, by the negative results obtained by Borra (1973) in his attempt to interpret the Hß polarization profiles by means of a pure LTE approach. It is by no means surprising that a strong line as Hß cannot be interpreted as a line formed in LTE. However, in our opinion, the same conclusion doesn't apply for the many weak lines which are present in the spectra of Ap stars. As a consequence, we consider it more realistic to interpret the broad-band linear polarization, observed in Ap stars, as due to the alternative mechanism of magnetic intensification in weak absorption lines formed in LTE.
I. INTRODUCTION
Variable magnetic Ap stars have been recently investigated by means of good quality polarimetric observations. Kemp and Wolstencroft (1974) report the observed linearly polarized radiation as a function of phase for the stars 53 Cam and a 2 CYn. The observations refer to a broad interval of the stars' spectra covering some hundreds of angstroms, where the fractional linear polarization is found to have a typical value of the order of 10 -4 . The known physical mechanisms, which are able to introduce a fractional linear polarization of this order of magnitude in the continuum spectrum of a star, require values of the magnetic field of the order of 10 7 -10 8 gauss (Lamb and Sutherland 1974; Landi DelgTnnocenti 1976) . Magnetic fields of this size are now believed to exist on the surfaces of magnetic white dwarfs, while in the case of magnetic Ap stars the observed magnetic fields are of the order of 10 3 -10 4 gauss (Babcock 1958 ). The order of magnitude of the observed polarization and the characteristic features of its variation with phase can be explained as a cumulative effect of the several spectral lines present in the observed spectral interval. In the particular case of the star 53 Cam, Finn and Kemp (1974) consider a simplified model, where the observed linear polarization is supposed to be originated in atomic spectral lines as a result of a scattering process taking place in the outermost layers of the star. The atoms are schematized as classical electric dipoles embedded in the stellar magnetic field, and they are supposed to scatter the unpolarized continuum radiation emerging from the deeper layers of the stellar atmosphere. The authors are led to consider this typical NLTE approach, to the line formation problem in 53 Cam, by the negative results obtained by Borra (1973) in his attempt to interpret the Hß polarization profiles by means of a pure LTE approach. It is by no means surprising that a strong line as Hß cannot be interpreted as a line formed in LTE. However, in our opinion, the same conclusion doesn't apply for the many weak lines which are present in the spectra of Ap stars. As a consequence, we consider it more realistic to interpret the broad-band linear polarization, observed in Ap stars, as due to the alternative mechanism of magnetic intensification in weak absorption lines formed in LTE.
This mechanism was first introduced by Leroy (1962) to explain the broad-band linear polarization observed in solar active regions. The theory was subsequently generalized by Calamai, Landi DeglTnnocenti, and Landi DeglTnnocenti (1975) to take properly into account the influence of magneto-optical effects. Detailed comparisons between polarization diagrams observed in sunspots (Illing, Landman, and Mickey 1974a, b) and theoretical results obtained with the above theory clearly show that the mechanism of magnetic intensification plays a major role in the formation of broad-band linear polarization in solar active regions. The importance of magneto-optical effects is also demonstrated by the same results (see also Landi DeglTnnocenti 1979). As the magnetic fields that are present on magnetic Ap stars are of the same order of magnitude as those found in sunspots, we consider that the magnetic intensification mechanism can be responsible for the observed broad-band linear polarization in magnetic stars.
In the following sections we will investigate the broad-band linear polarization arising from such a mechanism in the spectrum of a rotating magnetic star. The surface distribution of the intensity and the direction of the magnetic field will be assumed to be due to a decentered magnetic dipole as suggested by the observations of the surface and effective magnetic fields, reported by Huchra (1972) and Borra and Landstreet (1977) . In a recent paper Deridder, van Rensbergen, and Hensberge (1979) have shown that a decentered magnetic dipole model, for magnetic rotating stars, is equivalent to a centered dipole-quadrupole model, as far as the dipole is moderately decentered and the quadrupole 228 contribution is relatively small. As a consequence, the investigations performed in this paper can also be applied to stars whose magnetic configuration is described by such a centered dipole-quadrupole model. Figure 1 , we represent the star by the sphere on the left, while, on the right, the right-handed system x, y, z of the observer is reproduced : the z-axis is in the direction of the line of sight, the x-axis lies on the celestial meridian of the star pointing to the north celestial pole. The Stokes parameters Q and U are defined with respect to the ordered couple of axes, x and y, according to the definition by Shurcliff (1962) . For the sake of clearness, the apparent stellar disk is also represented on the right of the figure. In Figure 1 , CR represents the stellar rotation axis; more precisely, R is the point where the positive direction of the rotation axis encounters the stellar surface: standing on R (geometrical north pole), one would see the star rotating counterclockwise under his feet. The angles i and 0 specify the position of R with respect to the apex V, with the arrows indicating their positive sense of reckoning: 0° <i < 180°; 0° < 0 < 360°. The magnetic dipole of the star is supposed to be displaced at a distance A from the center (A being a vector corotating with the star), and is supposed to have the same direction as the radius CP; the angle ß specifies the tilt between the positive direction of the stellar rotation axis and the positive direction of the magnetic dipole : 0° < ß < 180°. The phase angle/grows linearly with time. The angles / and A, which specify the position of the point P with respect to the apex V, vary accordingly with time. Again referring to Figure 1 , we introduce the right-handed coordinate system u i9 u 2 , u 3 (corotating with the star), u 3 being directed as CP, u l lying in the plane CRP and forming with CR an angle less or equal than 90°, and u 2 being defined accordingly. In this coordinate system, the vector A is expressed by:
II. FORMULATION Referring to
R 0 being the radius of the star. A point p on the stellar disk can be specified by the angles # and x with respect to the apex V. Finally the direction of the magnetic field vector Ä is specified at any given point by the angles i¡/ and (p. We suppose the magnetic configuration of the rotating star to be described by a magnetic dipole m = mu 3 displaced at the distance A from the center. The surface magnetic field can be calculated at any point of the stellar disk for any value of the phase / The relevant formulae will not be given here; a simple but tedious calculation in terms of spherical trigonometry enables us to express, for any given #, x, and/ the values of the angles \¡/ and cp and the value of the amplitude B of the magnetic field. From B the nondimensional quantity v H can be obtained: 
and v is a function of the point on the stellar disk of the order of unity. The surface and effective magnetic fields H s and ff e can then be deduced, as a function of phase, from a simple quadrature on the visible hemisphere of the star. For a Milne-Eddington atmosphere, where the source function is linearly dependent on the optical depth t :
the following integrals have to be numerically evaluated :
with the analogous expression for H e (f), where the z-component of the magnetic field, B z , has to be substituted for the amplitude B.
More care has to be taken for the evaluation of the broad-band linear polarization. An accurate spectrum synthesis covering the observed frequency band could in principle be performed; however, since the observations generally refer to a very broad spectral interval, and since the atmospheric models of magnetic stars are rather poorly known, we prefer to follow an approximate approach developed by Calamai, Landi DeglTnnocenti, and Landi DegPInnocenti (1975) . Following this approach we focus first our attention on a single line having absorption coefficient r¡ 0 , and subtracting from the continuum the total amount of radiation :
where / is the intensity across the line profile, I c is the nearby continuum intensity, and ju = cos #. [The quantity has been improperly referred to as equivalent width in Calamai, Landi DeglTnnocenti, and Landi DegPInnocenti 1975] . For a given rj 0 , and for the values of ÿ and v H previously computed at any point of the stellar disk, we can deduce the quantities Il and O, related to the fractional linear polarization and to its direction, respectively. These quantities have been defined in Calamai, Landi DeglTnnocenti, and Landi DeglTnnocenti (1975) . In the same paper a numerical method has been proposed in order to calculate IT and O as functions of rj 0 , %, and ij/, and the relevant properties of these quantities have been investigated.
The net amount of broad-band linear polarization, due to the single line, emerging from any point on the stellar disk, can then be written :
Integrating over the stellar disk, we obtain the flux of polarized radiation due to the single spectral line (in ergs s ~1 sr ~1 )
In a Milne-Eddington atmosphere, W(fi) varies linearly with fi:
where W 0 is H'(/¡) at disk center; so we can write
where
To obtain the net flux of linear polarization from a broad spectral range containing several spectral lines, we suppose that the quantities and can be calculated assuming the same value of the absorption coefficient for any line. Adding then the contribution of all the lines present in the spectral range, the fluxes of polarized radiation can be expressed by:
On the other hand, the total flux of radiation in the same spectral range is given by: where ç is the fraction of the continuum flux subtracted by the lines, we obtain for the observed fractional linear polarization:
and analogously
The advantage of dealing with these quantities is that they are independent of the parameters S 0 and which describe the behavior of the linear source function with t (see eq.
[6]).
Once the fractional linear polarization is evaluated at any phase / theoretical polarization diagrams can be constructed. 
where the positive sense of rotation brings the positive P Q axis on the positive P v axis; therefore polarization diagrams can, in principle, give the orientation of the rotation axis of the star (even if they do not discriminate betweeh 0 and 0 + 180°). Seven relevant parameters are then left to determine the signature of the polarization diagram as a function of phase; the extremely entangled dependence that the analytical expressions of the polarization diagrams have on the relevant parameters makes it practically impossible to foresee even the coarse features of any polarization diagram, without a direct numerical computation. In the following section particular attention will be devoted to single out any symmetry property which can enable one to reduce, to some extent, the range of variation of the parameters. By means of these symmetry properties, we can reduce, by a large factor, the amount of computations necessary to explore the wide variety of polarization diagrams, which can result by the mechanism of magnetic intensification in rotating magnetic stars.
A sample of polarization diagrams, obtain for typical values of the parameters, is shown in Figure 2 . In § IV an analysis of their dependence on each single parameter is tried on the basis of numerical computations.
III. SYMMETRY PROPERTIES
We consider two stars S and S' whose parameters are connected by the relations:
all the other parameters being equal. This transformation connects two stars which are identical except for the sense of rotation. Obviously the mean magnetic fields H s and H e and the polarization diagrams for the two stars are connected by
On the other hand, the relations
all the other parameters being equal, connect two identical stars except for the sign of their magnetic dipole. In this case we have:
the phase shift of 180° being due to our convention in the definition of the phase/ = 0°. On the contrary, there is no symmetry present in the polarization diagrams, even if the two stars have equal magnetic configurations except for a reversal in the magnetic field. This is due to the presence of the rotation angle 6 in formulae (13). This angle results from magneto-optical effects, and it has opposite sign at corresponding points on the visible hemispheres of the two stars. There is, however, a further symmetry property that can be found for polarization diagrams. If we consider the following transformation:
0' = 0 , r = i ? ß' = 180° -ß, f' = the following symmetry relation can be proven to hold:
Pv'(f)=-Pu(f).
•r
The symmetry properties (21) and (23) for the surface and effective fields H s and H e and the symmetry properties (21) and (25) for the polarization diagrams, enable us to restrict the range of variability of the angles i and ß from the whole range :
to the smaller one:
It is known that further symmetry properties hold for the surface and effective fields H s and H e . Stars connected by any of the following triplet of transformations: bring to the same values of H s and H e as functions of phase. As a consequence, observations of H s and H e cannot discriminate among these possibilities. More precisely, there is a fourfold ambiguity in the case a = b = 0 and a twofold ambiguity in general. On the contrary, the corresponding polarization diagrams are different in each case-hence their importance as diagnostic tools for determining in further detail the geometry of rotating magnetic stars.
IV. NUMERICAL ANALYSIS
The dependence of the surface and effective magnetic fields H s and H e on the geometrical parameters i and ß is well known, having been already investigated by different authors (see, e.g., Hensberge et al. 1977 . On the contrary, the role of the parameters, a, b, and c is more difficult to understand on a general basis. Direct numerical calculations, assuming i = 50° and ß = 80°, have revealed a different role of b with respect to a and c : if fr = 0, the H s and H e curves present a symmetry character, with respect to their maxima, independently of the values of a and c ; if 5 ^ 0, this symmetry property fails. Probably this is a general aspect, not restricted to the particular case investigated ; this is quite likely due to the fact that a value of b different from zero implies a displacement of the dipole out of the plane containing the direction of the magnetic dipole and the rotation axis of the star.
Even more involved is the dependence of the polarization diagrams on the geometrical parameters of the star. The fractional linear polarization obtained in these diagrams range from 0.3 x 10" 3 to 5 x 10" 3 . Plots of linear polarization versus i show that for ß = 30° the value of polarization grows almost linearly with i (doubling or tripling its value from i = 20° to i = 80°) while for ß = 90° its behavior is the opposite; for ß = 60° the value of polarization is not very sensitive to i (except in some particular case). Detailed analysis shows that the polarization values obtained for v Ho = 3 are about 0.60 to 0.95 times the corresponding values obtained for v Ho -1.5, while the values obtained for r¡ 0 * = 10 are 2 to 3.5 times the corresponding values obtained for ^0* = 1.
The amount of polarization is not very sensitive to the value of c. Roughly speaking, in those diagrams where i + ß < 90°, the amount of polarization grows linearly with c, the greatest growth being of a factor 2 going from c = -0.2 to c = +0.2; in the other diagrams (i + ß > 90°), no general feature can be pointed out. However, the polarization obtained for c = +0.2 differs less than 30% from that obtained for c = 0.
Basically, the shape of the polarization diagrams depends only on the geometrical parameters i and ß. An example is shown in Figure 3 , where we can see that the diagrams obtained for three different values of rj 0 * differ each from the other mainly in the amount of polarization, their shapes being very similar. The same behavior is generally shown in the other diagrams. Analogously, v Ho does not substantially affect the shape of the diagrams. The same argument is valid for c too ; however, it is worth noticing the change from the dual circular shape presented by some diagrams with c = 0 (see, for instance, the one with i = 30°, ß = 90° in Fig. 2 ) to a characteristic conchoidal pattern when c = +0.2. On the contrary, the diagrams are extremely sensitive to both i and ß (see Fig. 2 ). To have a complete overlook of the diagrams it would be necessary to vary i and ß by steps not larger than 10° to 15°. LANDI DEGL'INNOCENTI ET AL.
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A less accurate investigation has been performed regarding the dependence of polarization diagrams on the quantities a and b. In these calculations we have assumed the following values for the relevant parameters: The sensitivity of the behavior of the polarization curves to the values of the single parameters suggests the relevance of broad-band photopolarimetry as a further diagnostic tool (besides the observation of H s and H e ) to derive important information concerning the geometry of the magnetic field in rotating magnetic stars.
V. COMPARISON WITH OBSERVATIONS
A direct comparison between observations and theoretical results is possible for the star 53 Cam. For this star the surface and effective magnetic fields, H s and H e , have been measured as a function of phase by Huchra (1972) and by Borra and Landstreet (1977) , while broad-band polarimetric observations (with a blue filter centered at >14700, and having a width of 1400 Â) have been reported by Kemp and Wolstencroft (1974) .
We have determined some of the parameters involved in our model by fitting the observational H e and H s data to the theoretical results. The best fit to the H e and H s curves is given in our model by the curves plotted in Figure 3 
which substantially represents the same star rotating in the opposite sense. Transformations (28) do not bring to other indéterminations in this particular case. We have then used the parameters previously determined, to compute some polarization diagrams. In Figure 3 The other combination of values which fits the H s and H e curves brings to identical diagrams but traversed in the opposite sense (see eq.
[21]). Good fits to the H e and H s curves could also be obtained assigning slightly different sets of values to the relevant parameters. These sets would, however, produce fairly different polarization diagrams, due to the strong dependence of the diagrams on the geometrical parameters (see § IV). If accurate observations of the polarization diagrams were available, the theory could, in principle, improve the determination of the parameters deduced by the best fit to the H e and H s curves. However, the accuracy of the observations as reported by Kemp and Wolstencroft (1974) does not justify, in our opinion, any such improvement for the star 53 Cam.
The agreement between the diagrams reproduced in Figure 3 and the observations of Kemp and Wolstencroft can be considered satisfactory, as the order of magnitude of the polarization and the general signature of the diagram is fairly well reproduced by our model. A direct comparison shows that both diagrams are traversed in the same (counterclockwise) sense as the phase increases. As a consequence the correct set of geometrical parameters is the combination i = 75°, 0 = 105°, c = -0.125; moreover, as the best superposition between the observed and theoretical diagrams is obtained by a rotation of the theoretical one by an angle of approximately 120° in the clockwise direction, the angle 0 (see eq. [19] ) is determined to be approximately -60° (or ± 120° as polarization diagrams cannot discriminate between 0 and 0 ± 180°).
According to these values the star has its rotation axis tilted from the meridian of an angle of about 60° in the NW direction (or 120° in the NE direction), and slightly pointing toward the observer out of the plane of the sky. The magnetic dipole is directed in such a way that the magnetic axis is nearly perpendicular to the rotation axis of the star; its displacement is along the negative direction of the magnetic axis at about one-eighth of the star's radius; as a consequence the magnetic field at the magnetic north pole is fainter of a factor 2.13 than its value at the south pole.
The results obtained by Finn and Kemp (1974) by means of their different model practically agree with our ones except for the fact that they have to assume a decentered dipole with both a and b different from zero. As this wild decentering is not necessary in our model, we can consider this fact as a further argument, even if not so compelling, in favor of our approach. In our opinion the method developed by Finn and Kemp is more suitable for the interpretation of narrow band observations covering one or more strong spectral lines; on the other hand, our model can be safely applied to the interpretation of broad-band observations covering many weak lines.
Only when more accurate observations are available will a final comparison be possible between the two alternative methods of interpreting the broad-band linear polarization emerging from rotating magnetic stars. It will not be a surprise if the correct interpretation finally requires a more sophisticated theory able to unify, in a unique approach, the main features of the two alternative methods.
